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Composition, Resolution
and Equilibrium of Forces

Im=oO>IN

1.1 Force

Force is the action of one body on another. It may be defined as an action which changes or tends to
change the state of rest or of uniform motion of body. There are different types of forces such as gravitational,
frictional, magnetic, inertia or those caused by mass and acceleration.

According to Newton’s second law of motion, we can write force as

F = ma=mass x acceleration

One Newton force is defined as that which gives an acceleration of 1 m/s? to a body of mass of 1 kg in
the direction of force.

Thus, 1N = 1kg x 1 m/s? = 1 kg-m/s?

Newton is unit of force in MKs system.

1Dyne = 1 gm cm/s?
Dyne is unit of force in CGS system
1N = 1 kg-m/s? = 1000 g x 100 cm/s?
= 10%° gm-cm/s? = 10° Dyne

The three requisites for representing the force acting on the body are:

e Magnitude of force

* |ts point of action, and

e Direction of its action

1.2 Effects of a Force

A force may produce the following effects in a body, on which it acts:

1. It may change the motion of a body i.e. if a body is at rest, the force may set it in motion. And if the
body is already in motion, the force may accelerate or retard it.

2. It may retard the body, already acting on a body, thus bringing it to rest or in equilibrium.

3. It may give rise to the internal stresses in the body, on which it acts.

1.3 Characteristics of a Force

To know the effect of force on a body, the following elements of force should be known.
1. Magnitude (i.e. 2 N, 5 kN, 10 kN etc.)

2. Direction or line of action.

3. Sense or nature of force (push or pull).

4. Point of application.
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1.4 Force Systems

A force system is collection of forces acting on a body in one or more planes. According to the relative
position of the lines of action of the forces, the forces may be classified as follows:

1.
2.

Collinear: The forces whose lines of action lie on the same line are known as collinear forces.

Concurrent: The forces, which meet at one point, are known as concurrent forces. Concurrent forces
may or may not be collinear.

3. Coplanar: The forces whose line of action lie on the same plane are known as coplanar forces.

4. Coplanar concurrent: The forces, which meet at one point and their line of action lie on the same

plane, are known as coplanar concurrent forces.

Non-coplanar concurrent: The forces, which meet at one point but their lines of action do not lie on
the same plane, are known as coplanar non-concurrent forces.

Coplanar non-concurrent: The forces, which do not meet at one point but their line of action lie on
the same plane, are known as coplanar non-concurrent forces.

Non-coplanar non-concurrent: The forces, which do not meet at one point and their line of action
do not lie on the same plane, are known as non-coplanar non-concurrent forces.

1.5 Resultant Force

A single force which produces same effect on the body as the system of forces is called as resultant force.

1.6 Parallelogram Law of Forces

This law is used for finding the resultant of two forces acting at a point.

If two forces £, and F, are acting at a point and are represented in magnitude and direction by two sides
of a parallelogram, then their resultant is represented by the diagonal of the parallelogram both in magnitude and

direction.

Consider a parallelogram OACB as shown in figure where sides OA and OB represent the forces F, F,
acting at a point O. According to the parallelogram law of forces, the resultant Ris represented by a diagonal OC.

Let 6 be the angle between the forces F, and £, and a be the angle made by A with force F,.

From the figure we can write

and AODC and AADC are right angle triangles.
From triangle ADC, we can write

BC = OA=F1 F, B C
AC = OB=F,
ZBOA = 0 = £ZCAD

AD = AC cosb = F, cos6
CD = AC sin® = F, sin@

»Y
o

o F,

From triangle ODC, we can write

OC? = OD2 + CL? = (OA + AD)2 + CL?
R? = (F, + F, cos®)? + (F, sin®)?

F? + 2FF, cose + FZ cos? 6 + FZ sin’ e
F? + 2FF,cose + FZ(cos® 6 + sin” )
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= F? +2FF,cos6 + F£
R = \F? + 2FF,cos0 + F? . (i)
From triangle ODC,
CD CcD F,sin® .
tano = =— = = ... (i)
OD OA+AD F+F,cos6
Thus R = \JF? + 2FF,cos0 + F?
and tana = _Fpsin®
F + F, cos®

1.7 Triangle Law of Forces

This law states that:

If two forces acting simultaneously on a body are represented in magnitude and direction by two sides
of a triangle taken in order then their third side will represent the resultant of two forces in the direction and
magnitude taken in opposite order.

F. C
2 F2

o) Fr 0o F, A D

If three forces are acting on a body and they are represented by three sides of the triangle in magnitude
and direction, then the body will be in equilibrium condition.

1.8 Polygon Law of Forces

When two more forces are acting on the body, the triangle law can be extended to polygon law.

If a number coplanar concurrent forces acting simultaneously on a body are represented in magnitude
and direction by the sides of a polygon, taken in order, then their resultant can be represented by closing side of
the polygon in magnitude and direction in the opposite order.

Fy

Consider the forces F,, F, and F, acting at a point O as shown in figure. As per the polygon law of forces
the resultant force A is as shown in figure. According to parallelogram law, then the resultant of F, and £, is
represented by R, and resultant of R, and F is represented by A,. The resultant Ris the resultant of £, and R,.
This procedure can be extended to any number of forces acting at a point in a plane.
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1.9 Composition of Forces

Conversion of system of forces into an equivalent single force E y F,
system is known as the composition of forces. The effect of single ’
equivalent force will be same as the effect produced by number of
forces action on a body. o
Let the forces F,, F,, F;, F, are acting on a body in a plane o4
making angle o, a.,, o, and o, with x-axis as shown in figure. Let R be
the resultant force of all the forces acting at the point making an angle Fs Fs
6 with horizontal as shown in figure. Resolving the forces along x-axis
and y-axis, we get
XF = F,cosa, - F,cosa,-F;coso,+ F,cosa,
ZFy = F,sinoy + F,sin o, — £y sin o, - £, sin o,
Component of R along x-axis = R cos0
Component of R along y-axis = R sin® R
Rcos® =X F, A Rsin
and Rsin® =% Fy
R2 (sin?  + cos? 8) = (ZF )% + (TF )?
Y 6 R cosO
R= |[(ZF,)* +(ZF,)) 0 e X
d tan 0 >y
an ane = —=
> F,

X

A body which is under co-planar system of concurrent forces is in equilibrium if R=0 or

1.10 Resolution of Forces

Replacing force F give space by two forces along x and y axis acting on the
same body is called resolution of forces. Resolution is the reverse process of

composition.

1.11 Equilibrium of Forces

XF =0 and ZFy:O

Case |: Aforce Facting at a point ‘O’ making
angle 6 with horizontal as shown in figure.
Then its components along x and y axis are
given by

F.= Fcos 6 and Fy: Fsin®@

Case II: The resolution of force W when the body is on an inclined
plane. The components of the body force W are given by

W, = Wcos 6 and Wp = Wsin6

where W, is normal component to inclined plane and W, is parallel
component to inclined plane.

If a body is moving at a constant velocity or the body is at rest then the body is said to be in equilibrium
in a state. If a number of forces are acting on the body and its resultant comes out to be zero, then the body is
said to be in equilibrium. Such a set of forces, whose resultant is zero, are called equilibrium forces.
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1.12 Principles of Equilibrium

Three important principles of equilibrium are:

1. Two force principle. If a body in equilibrium is acted upon by two forces, then they must be equal,
opposite and collinear.

2. Three force principal. If body in equilibrium is acted upon by three forces, then the resultant of any
two forces must be equal, opposite and collinear with the third force or in other words forces must be
coplanar and concurrent.

3. Four force principle. If a body in equilibrium is acted upon by four forces, then the resultant of any
two forces must be equal, opposite and collinear with the resultant of the other two forces or they four
force must form a closed polygon.

1.13 Lami's Theorem

If three coplanar forces acting at a point be in ¢
equilibrium, then each force is proportional to the sine of the B
angle between the other two. P p 5
Mathematically, P__ Q il y @ y @

sino  sinB - siny
where, P, Qand R are three forces and o,  and y are B “ Blof )a

the angles as shown in figure.

R
Proof of Lami’s Theorem

vR vD
Consider three coplanar forces P, Q and R acting at a point O as shown in figure. Now complete the

parallelogram OACBwith OA and OB as adjacent sides as shown in the figure . The resultant of two forces Pand
Qs diagonal OC both in magnitude and direction of the parallelogram OACB.
Since these forces are in equilibrium, therefore the resultant of the forces Pand Q must be in line with OD
and equal to R, but in opposite direction.
From the geometry of the figure,
BC = Pand AC=Q
ZAOC = (180°-B)
and ZACO = £ BOC = (180° - o)
ZCAO = 180° - (LAOC + £LACO) = 180° - [(180° - B) + (180° — )]
= 180°-180° + p—180° +

ZCAO = o + B—180° ()
But o+ p+7y=360°
or o+ P +y-180° = 360°-180° = 180°
(o0 + B —180° + vy = 180° ... (i)
From equation (i) and (ii) we get,
ZCAO = 180° -y
We know that in triangle AOC
OA AC OC
SinZACO ~ sinZAOC ~ sinZCAO
OA 3 AC B oC
sin(180°—a) ~ sin(180°—P)  sin(180° — )
or P i i Hence Proved

sino. SN siny
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1.14 Free Body Diagram

A body may consist of more than one element and supports. Each element or support can be isolated
from the rest of the system by incorporating the net effect of the remaining system through a set of forces. This
diagram of the isolated element of a portions of the body along with the net effects of the system on it is called
free body diagram.

The diagram shows all forces applied to the system by mechanical contact with other bodies, which are
imagined to be removed. If appreciable body force are present, such as gravitational or magnetic attraction, then
these force must also be shown on the free-body diagram of the isolated system.

The free-body diagram is the most important single step in the solution of problems in mechanics.

- EI Example - 1.1 Consider the following statements:

For a particle in plane in equilibrium

1. sum of the forces along X-direction is zero.

2. sum of the force along Y-direction is zero.

3. sum of the moments of all forces about any point is zero.

Of these statements
(a) 1 and 3 are correct (b) 2 and 3 are correct
(c) 1 and 2 are correct (d) 1, 2 and 3 are correct

Solution : (d)

- EI Example - 1.2 Consider the following statements:

A particle starting from rest is accelerating along a straight line with an acceleration kt where

k is a constant and tis the time elapsed after time ‘f.
1. its velocity is given by kt2.
2. its velocity is given by 1/2 kt2.
3. the distance covered is given by 1/2 k3.
4. the distance covered is given by 1/6 kt3.
Of these statements

(a) 1 and 3 are correct (b) 2 and 4 are correct
(c) 1 and 4 are correct (d) 2 and 3 are correct
Solution: (b)
a = kt
a?x dx kt®
2 - K g s rh
. ) dx
At time t = 0, particle starts from rest, so P 0,s0C,=0
ax _ Kk
a 2
kl‘3
= —+C
X 6 )
Att=0,x—-0,C, =0, x=@



MEDE EERBSY Engineering Mechanics Composition, Resolution & Eq... 9

- EI Example - 1.3 If two forces Pand Q at angle 6, the resultant of these two forces would
make an angle a with P such that

Qsinod Psin6

t = ==>"'7 t = >

(a) tana P —-Qsin0d (b) tanc P+ Qsind
Q@Qsind Psin®

tanot = —— - >

() ¢ P+ Qcos® (d) tano Q- PcosO

Solution : (c)

-E Example - 1.4 A horizontal force of 200 N is applied at ‘A’ to lift the weight ‘W at C as

shown in the given figure. The value of weight ‘W will be 200N
A
(a) 200 N (b) 400 N
(c) 600N (d) 800 N 03m

Solution : (d)
Taking moment about fulcrum:

200x 0.3 = Wx0.075 & :IJC
|<0.075 m
W = 800N w

- E I Example - 1.5 If the maximum and minimum resultant forces of the two forces acting on
a particle are 40 kN and 10 kN respectively, then the two forces in question would be

(a) 25 kN and 15 kN (b) 20 kN and 20 kN
(c) 20 kN and 10 kN (d) 20 kN and 5 kN
Solution : (a)

Let Pand Q be the two forces inclined at angle 6.

R2 = P2+ Q2+ 2PQcos 6
Maximum value of cos 6 = 1; Minimum value of cos 6 = -1

Fulcrum

R2,, = PP+Q>+2PQ = R, =P+Q

R = P2+Q*-2PQ = R, =P-Q
40 = P+Q (i)
10 = P-Q N ({0)

Solving equation (i) and (ii), we get, P = 25kN, Q=15kN

- EI Example - 1.6 Consider the following statements:

1. Two couples in the same plane can be added algebraically

2. Coplanar and concurrent forces are the ones which do neither lie in one plane nor meet
at a point

3. Non-concurrent forces are the ones which do not meet at a point

4. A single force may be replaced by a force and couple

Which of these statements are correct?

(a) 1,2and 4 (b) 2,3and 4

(c) 1,2and 3 (d) 1,3and 4

Solution : (d)
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- E I Example - 1.7 A differential pulley is subjected to belt tensions as shown in the diagram.
The resulting force and moment when transferred to the centre of the pulley are, respectively

250 N
: 150 N
250 N 50N
(a) 400 N and O Nm (b) 400 N and 100 Nm
(c) 500 N and O Nm (d) 500 N and 100 Nm

Solution : (c)
>F = 250+ 150 =400 N

X

XF, = 250 +50=300N

1/2
) = (4002 + 3002)'”2 = 500 N

XM = -250 x 0.5-50x 0.25 + 150 x 0.5 + 250 x 0.25

o

= -125-125+75+62.5=0Nm

Resultant force, R = (Fx2+Fy2

-j Example - 1.8 The force F such that both the bars AC and BC (AC and BC are equal in
length) as shown in the figure are identically loaded, is

A B
7\
° .

100 kN

(a) 70.7 N (b) 100 N
(c) 141.4N (d) 168 N

Solution : (a)

IF =0
F+ TcosB0° = Tcos60°+ 100 x cos 45° 100 kN
F = 100 cos 45° = 70.7 kN
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Stuent's
Assigiments

Student's Assignment

Q.1 Ahorizontal beam AB hinged to a vertical wall at Q.5 Forasystem of coplanar parallel forces to be in

Aand supported by a tie rod CD s subjected to equiliorium: , ,
L . . (@) The resultant force must vanish alone is
the loads as shown in figure. What is the tension o
. . sufficient.
in the tie rod? , ,
(b) The resultant couple must vanish alone is
D sufficient.
(c) Bothresultant force and the resultant couple
must vanish.
A Py c 5 (d) None of these
° g
t : Q.6 Two equal parallel force acting in opposite
2m 1m : : :
500 N 500N directions is known as
(@) Couple (b) Moment
(c) Equilibrium (d) Resultant
(@) 1000N (b) 2000N _ ,
(c) 500N (d) 2500N Q.7 Consider the following statements.
1. Theresultant of the two given parallel forces
Q.2 Abody is under the action of a general case of acting in the same direction is equal to their
forces in a plane. Then the possibilities are: sum.
1. The system of forces in a plane reduces to a 2. The resultant of the two given parallel forces
resultant force. acting in the same direction acts along the
2. The system of forces reduces to a resultant line parallel to the lines of action of the given
couple. forces and dividing the distance between
3. The system is in equilibrium. their points of application in the ratio
Which of the above statements is/are correct? inversely proportional to their magnitudes.
(@) tonly (b) 2only Which of the above statements is/are incorrect?
(c) 1tand2 (d) 1,2and 3 (a) 1only (b) 2only

Q.3 Which of the following method is generally (¢) Both 1and 2 (d) Neither 1nor 2

practicable in the solutions of problems for finding Q.8 The algebraic sum of the moments of two parallel

the resultant force in the general case of forces forces with respect to any moment center in their
ina plane? plane of action is equal to the moment of their
(a) Parallelogram law of forces resultant with respect to the same center. This
(b) Polygon law of forces statement is known as:
(c) Method of projections (@) Superposition theorem
(d) None of these (b) Theorem of transmissibility of forces
Q.4 The condition of equilibrium for a general case (c) Varignon's theorem
. o (d) None of these
of forces in a plane is:
(a) thatthe resultant force is zero Q.9 The resolution of a given force into more than
(b) that the moment at any point is zero two parallel components in one plane is:
(c) both (a)and (b) (a) statically determinate problem
(d) None of these (b) statically indeterminate problem
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Q.13 Assertion(A): We can replace several couples
in one plane by a single resultant couple acting
in the same plane, the moment of which is equal
to the algebraic sum of the moment of the given
couples.

Reason(R): A couple can be balanced only by
another couple which is equal in moment,
opposite in sign, and coplanar in action with the

(c) either (a) or (b) of the above
(d) neither (a) nor (b) of the above

Q.10 Consider the following statements regarding the
properties of a couple.

1. The algebraic sum of the moments of the
two forces of a couple is independent of the
position, in the plane of the couple, of the
moment center and is always equal to the

iven couple.
product of the magnitude of either force and g P , .
the arm of the couble (@) AandRaretrue, Risthe correct explanation
pie. of A.

2. We can transpose a couple in its plane
without changing its action on a body.

3. Two couples acting in the same plane are
equivalent if they have equal moments.

Which of the above statements are correct?

(@) 1and2only (o) 1and 3only

(c) 2and 3only (d) 1,2and 3

(b) A and R are true but R is not the correct
explanation of A.

(c) Aistrue but R is false.

(d) Aisfalse but R is true.

Q.14 What is the axial force induced in the bar AC
due to the action of the horizontal force P applied
at C. The bars are hinged together at C and to

Q.11 Consider the following examples: the foundation at A and B.

1. Opening or closing a water tap

2. Turning the cap of the pen

3. Steering a motor car

Which of the above are examples of couples in
everyday life?

(@) 1and?2only (b) 1and3only

(c) 2and 3only (d) 1,2and3 B
Q.12 The force of 400 N acting on the lever can be (a) 0.866P (b) 0.50P
replaced by which of the following? (c) 0.707P (d) -0.5P

400N Q.15 The resultant of two equal forces is equal to each

of the force. What is the angle between these

force?
(@) @ (b) 90°
(c) 120° (dy 180°

Q.16 Theangles between twoforces to make their resultant
aminimum and a maximum respectively are
(a) 0°and90° (b) 180°and90°
(c) 90°and 180° (d) 180°and0°

(@) Aforce of 400N at ‘O’ Q.17 The principle of superposition is applied to:

(b) Aforce of 69.3 N-m at ‘O’

(c) Aforceof 400N at ‘O’ and couple of 69.3 N-m
at'o’

(d) Aforce of 400 N at ‘O’ and couple of 80 N-m
at ‘o’

1. Linear elastic bodies

2. Bodies subjected to small deformation
Which of the above statements is/are correct?
(@) 1only (b) 2only

(c) Both 1and?2 (d) Neither 1 nor 2
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Q.46 A rigid ball of weight 100 N is suspended with (@ T,=100Nand T,=0N
the help of a string. The ball is pulled by a (b) ,=0Nand 7,=100N
horizontal force Fsuch that the string makes an (c) ,=75Nand T,=25N
angle of 30° with the vertical. The magnitude of (d) T,=25Nand T,=75N
force Fis
STUDENT'S
> ANSWERKEY / ASSIGNMENT
: LW 2@ 30 4@ 5@
' 30°
' E 6. (a) 7. (d) 8. () 9. (b) 10. (d)
11. (d) 12 (¢) 13. (b) 14. (a) 15. (0)
100N 16. (d) 17.(c) 18. (@ 19.(b) 20. (b)
(2) 67.7N (b) 100N 21.(d) 22.() 23.(d) 24.(d) 25.(b)
(c) 73.2N (d) 25N
26. (d) 27.(b) 28.(d) 29.(a) 30. (b,d)
Q.47 Aforce Fis acting on a bent bar which is clamped 31. (b) 32.(d) 33.() 34.(b) 35. (0

at one end as shown in the figure.
36. (d) 37.(a) 38.(c) 39.(d 40. (0

G_f’ 41.(c) 42.(d) 43.() 44.(a) 45.(a)
46. (a) 47. (a) 48. (b)
) HINTS & SOLUTIONS // , STURENTS.

The CORRECT free body diagram is n (d)
s & Let reaction at hinge A is H, and V,; and tension
F F intierodin T.
T
R R,
(@ (b) .
R, x Hy A 30° C B
/ / R =~
M M
2m im
. Va 500 N 500 N
&° & Taking moment about A,
F C 500 x 2 + 500 x 3 = (Tsin30°) x 2
" 500x5=Tx05x%x2
€ (@) r, T=2500N
N R 2. 8

Under the action of a general case of forces in a
Q.48 Abar of uniform cross section and weighing 100 N

_ ‘ _ plane:

{S held horlzon.tally using two masslesg and 1. Ifthe forces are collinear the system of forces

|hexten3|ble strings S, and S, as shown in the may reduces to a resultant force.
figure. 2. If equal and opposite forces are separated

Rigid support . .
by some perpendicular distance then system
S S of forces may reduces to a resultant couple.
177 27 ¢
1 52 5 3. If the system of force is having no resultant
ar

] force or moment, then the system of forces

Li2 L2 is in equilibrium.
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Eo©

Method of projections is generally used for finding
the resultant force in a plane under the general
case of forces.

[ 4. |G

Under equilibrium condition, resultant force and
resultant moment about any point is zero.

5. [@

For coplanar forces to be in equilibrium,
M=0
¥F=0

[ 6. [O)

A system of two equal parallel forces acting in
opposite directions cannot be reduced to one
resultant force. Thus, we cannot reduce two equal
and opposite but non-collinear forces to any
simpler system. Two such forces are called a
couple, the plane in which they act is called the
plane of the couple, and the distance between
their lines of action is called the arm of the couple.

(d)

Both the given statements are correct.

E©

According to Varignon’s theorem, “The algebraic
sum of the moments of two parallel forces with
respect to any moment center in their plane of
action is equal to moment of their resultant with
respect to the same center”.

[ 9. [O)

The resolution of a given force into more than two
parallel components in one plane is indeterminate
problem.

K @

All of the above statements are true for couple.

118

All of the above are examples of couples.

12.[&)

Above force can be replaced by a force of same
magnitude and a couple at ‘O’.

UPPSC-AE

Couple = Fx Perpendicular distance

= 400 x 0.2 sin60°
= 69.282 N-m
14. [B)
By Lami’s theorem,
210°
P
60°
90°
Tsc
7-AC
P _ Tac _ Tgc
sin90° sin60°  sin210°
Pxsin60° Px+/3
T .= . = =0.866F
ACT §in90e 2

15. &)

Let the equal forces is ‘P’

R = \P?+Q2+2PQcos6
Given: P=Q=R

P= P2 +P2+2P2cos0
P2 = 2P2 + 2P2 cos®

—2P2 cosb = P2
coso = -
2
6 = 120°

[16. [Q)

Resultant force of two forces which are acting at
an angle 6,

R= \P?+Q2+2PQcos6

For minimum value of R, cos6 value must be
minimum.

Minimum value of cosf = —1

Angle for minimum resultant force 6 = 180°

For maximum value of resultant, cos6 = 1

Angle for maximum value of resultant force, 6 = 0°

(©

According to principle of superposition, “The
action of a given system of forces on a rigid body
willin no way be changed if we add to or subtract
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